This paper is a continuation of our previous work on Bianchi cosmologies with a p-form field (where p ∈ {1, 3}) -or equivalently: an inhomogeneous, massless scalar gauge field with a homogeneous gradient. In this work we investigate such matter sector in General Relativity, and restrict to space-times of the particular Bianchi types VI 0 and VI h for h = −1/9 ∪ −1. Relying on our previous analysis, the aim of this paper is clean cut: We show that the versions of Wonderland found in B(VII 0 ) and B(VII h ) are both attractors. Also, we show that Wonderland is an extension of the previously found Collins equilibrium point. With this paper, our analysis of Bianchi space-times with a p-form field (p ∈ {1, 3}) is nearing an end. Only the special cases h = −1 and h = −1/9 are left for future work. The line-elements of the anisotropic attractors are also written down explicitly.
Introduction

Context and background
The most recent observations suggest very tight constraints on observational parameters, and according to the Planck Collaboration, one finds Ω K = 0.0007 ± 0.0019 at 95% confidence level, when combining CMB and BAO measurements [1] . But why is the Universe so isotropic? The line of work contained in this paper may be placed in a broader context, where the goal is to understand how sensitive the evolution of the Universe is to changes in the initial conditions. A chief outcome would be to gain a clear understanding of how the observable Universe came to be so flat and isotropic.
In order to answer such a question, it is necessary to go beyond isotropy as an a-priori principle, ridding the theory of any such assumption. That is to say: one must consider how the picture changes when anisotropies are allowed for on three-dimensional spatial sections. Equivalently; the Bianchi models and the Kantowski-Sachs model (cf. Chapter 1 in [2]) must be studied. Clearly (through the Einstein equations) the evolution of the Universe must be thought to also be highly dependent on what type of matter it arXiv:1910.12083v1 [gr-qc] 26 Oct 2019 contains. To this end non-tilted, perfect fluids have already been studied in anisotropic backgrounds (cf. [2] and references therein), as well as tilted perfect fluids [3] [4] [5] [6] [7] [8] [9] [10] and fluids with vorticity [11] [12] [13] . Naturally the relation to different inflationary scenarios has been discussed as well (e.g. [14, 15] ) and the connection to observations has been investigated to some degree, for instance in [16] . Since this line of research has been going for decades by now, even sourcefree electromagnetism has been investigated to some degree, for instance in [17] and the more recent studies [18, 19] . Finally, we make mention of the e-book by A. A. Coley [20] , which provides a comprehensible overview of a large range of studies with a variety of matter sectors.
The p-form action with p ∈ {1, 3}, however, seems to have gone largely unnoticed in the cosmological literature so far, though it has gained some interest recently. For instance, a collaborator of ours has done work on shear-free cosmologies [21] with a general p-form action. The reader is also referred to the short notice [22] and the more recent works [23, 24] .
As a result, the general equations for a perfect fluid and a homogeneous, sourcefree j-form field (where j = 1, 3) in a cosmological context with general relativity were for the first time written down by us and others in [25] , through the orthonormal frame approach. It is worthy of notice that the j -form field was only required homogeneous on the fieldstrength level. That is to say; the underlying (j−1) -gauge field was not required homogeneous. Consequently, one may view the work as a study of an inhomogeneous, massless scalar gauge field (j − 1) with a homogeneous gradient (j). In the paper, we explicitly considered the Bianchi invariant sets B(I) and B(V), providing a dynamical systems analysis of the cosmological evolution of such universes. In a follow-up paper [26] we considered the dynamical systems B(II), B(IV), B(VII 0 ) and B(VII h ), analysing past and future behaviour in these sets. For two of the sets (B(II) and B(VII 0 )), a global analysis was possible. In the present paper we continue this line of work by investigating the Bianchi invariant sets of Solvable type that we have not already studied. In particular we study the Bianchi type B set B(VI h ) and its Bianchi type A counterpart B(VI 0 ). The stability of the self-similar space-times therein are determined, and past and future attractors identified. In a recent conference proceeding [27] we claim that one of our previously identified anisotropic, self-similar (exact) solutions of Einstein's equation -Wonderland -exists also in Bianchi type VI h . Furthermore, we pointed to future work for determination of its stability. Together with [26] , the present work fills that hole.
As a last comment, note that dynamical systems for the particular values h = −1 and h = −1/9 are not investigated in this work, since these systems have a diverse and different flora of options, and hence they should be given special attention. The case h = −1 is treated in an upcoming work by Thorsrud et al., whereas the case h = −1/9 is left for future work.
The rest of the paper is structured as follows. In this section we write down the general set of equations that we work with and summarize some important, previously established results. We also describe the different Bianchi type VI invariant sets in a bit more detail, and describe the two gauges used when finding equilibrium sets. In Section 2 we analyse the dynamical system B(VI h ), with particular emphasis on the Wonderland solution. In Section 3 we specialise to h = 0, and apply the monotone function used previously in the analysis of B(VII 0 ) to establish global results. In Section 4, we study the matter-sector of the anisotropic past and future attractors a bit more carefully, also writing down the line-elements of these self-similar space-times. Finally, in Section 5 we conclude briefly.
The general dynamical system
Our starting point is the equations (50)-(53) and (56)-(59) in [25] which hold for all the Bianchi models of solvable type. The equations are given in a G 2 -frame aligned with the vector A † They are 15 first order scalar ODEs (compactified below into 11 equations by the complex notation introduced in our previous paper and further references therein):
Einst. Eq.s
En. cons.
Jacobi Id.
In the above, and represent the real and imaginary parts, respectively; and represents derivative with respect to the dynamical time variable τ defined through the
where t is proper time. Finally, the deceleration parameter q has also been introduced in the above set of equations. It is implicitly defined bẏ
where (˙) represents differentiation with respect to proper time. These dynamical equations are subject to a set of six (real) scalar constraints given by the four equations
These constraints provide a powerful check of the evolution equations, since the class of Bianchi cosmologies is a well-posed Cauchy problem. More on this in [28] . The group parameter h in the sets B(VI h ) and B(VII h ) is defined through:
In the above, the constraint C 3 comes from the Bianchi Identity, whereas the constraints C 1 , C 2 and C 4 come directly from the Einstein Field Equations. Note that q may be expressed as
No-hair theorems
Let us also recall the no-hair theorems for these models. They determine the global behaviour into the future. Both results are proven in [25] . The first is in the presence of a cosmological constant:
Theorem 1.1 (First no-hair theorem). All Bianchi invariant sets B(I)-B(VII h ) with a j-form, a non-phantom perfect fluid † and a positive cosmological constant will be asymptotically de Sitter with Ω Λ = 1 in the case where γ > 0 (and similarly Ω Λ +Ω pf = 1 in the case where γ = 0).
A similar but less general theorem holds also in the case of a perfect fluid with 0 ≤ γ < 2/3 with a vanishing cosmological constant:
with Ω Λ = 0, a j-form, and a perfect fluid Ω pf with equation of state parameter 0 ≤ γ < 2/3 will be asymptotically quasi de Sitter with q = 3 2 γ − 1 < 0. The two theorems above determine the behaviour into the future for these models for γ ∈ [0, 2/3).
Due to the first no-hair theorem, we will henceforth assume that Ω Λ = 0, in order to determine the behavior in the case of no cosmological constant.
The function
previously used by Hewitt and Wainwright in [29] , si also useful for our dynamical system. Starting from the general dynamical system defined by (1)-(4) alongside the constraints (7)- (10), we find
Note that this function is monotone for
Proposition 1 (Absence of perfect fluid). If A > 0 and Σ 1 = V c = Ω pf = 0, then any orbit in the invariant sets B(IV), B(V), B(VI h ) and B(VII h ) of the dynamical system defined by the equations (1)-(10) is future asymptotic to Plane Waves (PW) and past asymptotic to Jacobs' Extended Disk (JED).
Proof. Use of monotone function Z in combination with tables of equilibrium sets †
The particular point γ = 2/3 might also be of some interest. Note therefore the following Proposition. 
and Ω pf = A = N + = 0.
Proof. We refer to the proof of theorem 8.1 in [25] , of which the above proposition is an extension. The proof is similar.
Invariant sets
There are several invariant sets with corresponding Lie algebra of Bianchi type VI. The overall group constraint that holds for all these models is
Each value of h corresponds to an invariant set. In this paper we study h < 0 collectively, excluding two special cases; h = −1 and h = −1/9. We also study h = 0. We follow standard convention and name these sets as follows.
• B(VI h ): Here h < 0 ∩ = −1 ∪ −1/9: In this case, A = 0.
• B(VI 0 ): Since h = 0, eq. (11) shows that A = 0. The dynamical system for this case may therefore be found by enforcing A = 0 in B(VI h ). † The available past and future attractor candidates may be found in Table 3 here, and Tables 3,5 and 7 in [26] . For B(V), use Theorem 9.1 in [25] and also Table 6 therein.
• B(VI −1 ), also called B(III): Here A = 0. This is the special case of B(VI h ) which needs a different treatment because it allows for an extra V c degree of freedom. The dynamical system for this case may therefore not be obtained by enforcing h = −1 in B(VI h ). This extra degree of freedom provides interesting features, and a recent study shows that this is the only Bianchi type in which a shear-free solution with a lower-bounded Hamiltonian exists for a matter sector constructed from p-form gauge fields [21] .
• B(VI −1/9 ): Here A = 0. This special case allows for an extra shear degree of freedom, and the dynamical system for this case may not be obtained by enforcing h = −1/9 in B(VI h ). It is called the exceptional case, denoted B(VI * −1/9 ), whenever this extra degree of freedom is included. Chapter 8 in [2] and [8] deal with the non-tilted and tilted cases, respectievely.
Choosing gauge
Since there is gauge freedom left in the equations, one may either choose to construct gauge independent variables, and cast the dynamical system in these variables instead. Alternatively, one may choose a particular gauge, and study the system in this gauge [6] . Our analysis relies on the latter approach, and makes use of the following two gauges.
• Use the gauge freedom to diagonalize N ab . This means we let N + = √ 3α {N ∆ }, by appropriately choosing R 1 . We find
for some function α. If we use our remaining freedom (choosing φ 1 (τ = 0)) to say that N × (τ = 0) = 0, then N × will remain zero. Such a choice is possible, and we refer the reader to our previous works for more details.
• A second choice that proves useful whenever N × = N + = 0 (e.g. Wonderland) is
In this case we should keep in mind that we have a constant gauge freedom left (namely φ 1 (τ = 0)).
Notation and gauge independent quantities
In the tables there is the need for a more sparse notation. Throughout we therefore make use of the following notation, which also has been used in previous works. Specifically,
Note that both ν 2 = N ∆ N * ∆ and σ 2 ≡ Σ ∆ Σ * ∆ = β 2 − β 2 1 † are gauge independent quantities.
The same is true for the complex scalar † Our notation is somewhat cumbersome at this point: β 2 is not gauge independent, but ν 2 is. We keep it this way, however, to connect with the notation used in previous works, and to keep the notation in the tables at a minimum.
. Since we only require from equilibrium sets that the gauge independent quantities remain constant (refer to [25] ), one may find that such sets possess evolving Σ − , Σ × , N − , N × , as long as σ, ν, δ remain constant on the motion.
The invariant set B(VI h )
In our last paper, we showed that for B(VI h ) the constraints (9) and (10) require
The dynamical system was also written down there, and we refer the reader to Section 4 therein. The closure of B(VI h ) is
Hence, we must expect to find equilibrium sets from many other Bianchi invariant sets.
The Tables 1 and 2 provide an overview of the equilibrium sets analysed in N − -gauge and in F -gauge, respectively. Table 1 : Summary of equilibrium sets P analyzed in N − -gauge, where N + = √ 3αN − . Here β 1 > −1. M is per definition part of PW(α, β 1 , ν 2 ), and is therefore shadow-faced.
Table 2: Summary of equilibrium sets P analyzed in F -gauge. For brevity notation is such that β 2 ≡ β 2 1 + β 2 2 + β 2 3 . The parameter κ is restricted according to −1 < κ ≤ 0. The group parameter h has to be negative in B(VI h ). K and C are per definition part of JED(β 1 , β 2 , β 3 ) and W(κ, ν 2 ), respectively, and are therefore shadow-faced.
Discussion of stability
In a previous work [26] we analysed B(VII h ), and did so without specifying the sign of the group parameter h. The analysis revealed that the real parts of all the eigenvalues were independent of h (refer to Tables C1 and C2 in the paper). As a result the treatment in our previous work suffices to establish the local stability also in the present case, where h < 0. This is true for all equilibrium sets that also exist for these values of h. The only equilibrium set not analysed in the previous work, is W (κ, ν 2 ), which is the part of the Wonderland fabric contained in B(VI h ). This set will therefore receive special attention in this section. Table 3 summarizes the results.
2.1.1. Wonderland W(κ, ν 2 ). Wonderland W(κ, ν 1 , ν 2 ) is a fabric that stretches over many Bianchi invariant sets, as further discussed in our previous work. The general specifications of this set is there shown to be
The type B(VI h ) † subset of Wonderland is W(κ, ν 2 ) ≡ lim ν 1 →0 W(κ, ν 1 , ν 2 ). Refer to Table 2 for specification of q and Ω pf in this set. Performing the local stability analysis, we find that in the 8-dimensional physical state space, three zero-eigenvalues correspond to perturbations into the set itself (the parameters κ, ν 2 , ν 3 ). The five remaining eigenvalues are always negative, and read as follows.
Here B(γ, κ) = 6γ κ 2 − 1 − 4κ 2 + 5 (24) and
Since the eigenvalues are negative, W(κ, ν 2 ) is stable, and hence Wonderland is (at least locally) a future attractor.
The Collins soluion.
It is noteworthy that the Wonderland solution reduces to the Collins solution in the absence of the j-form fluid. Putting V 1 = Θ = 0 in the specifications of Wonderland above, one finds the further specialisation
Together with (21)-(22) this gives the Collins self-similar solution.
From the specifications of Wonderland one finds A 2 = 9κ 2 (2 − γ) 2 /16 = −hν 2 . Hence, with eq. (26) one has that
From the expression for Ω pf in Wonderland one finds that −1 < κ ≤ 0. Hence, from Eq. (27) it is evident that h > −(2 − γ)/(3γ − 2). This result agrees with previous treatments, for instance [2], Sec. 7.2.2.
The other equilibrium sets:
For γ ∈ (0, 2/3) Theorem 1.2 ensures that FLRW is the future attractor. We also see from Table 3 that Jacobs' Extended Disk (JED) and Jacobs' Sphere (JS) are the only options if there exist past global attractors. Note that the Kasner (K) space-time is a subset of JED. The point γ = 2/3 remains uncertain, though somewhat constrained by Proposition 2. The Plane Waves (PW) include the Milne vacuum solution, and exists for all values of γ. In the absence of the perfect fluid, Proposition 1 shows that it is the global future attractor. In the pressence of the perfect fluid, however, its stability changes, as shown in Table 3 . The Collins-Stewart solution (CS) is also there, but with two positive eigenvalues it is a saddle. Table 3 summarizes the overall stability of the equilibrium sets found in B(VII h ). Table 3 : The domains where the local stability analysis is conclusive are divided into attractor, saddle and repeller subdomains. The rightmost column shows the domains where the linear stability analysis is inconclusive.
Classification of equilibrium sets in B(VI
h ) P Existence Attractor Saddle Repeller Inconclusive PW(α, β, ν 2 ) γ ∈ [0, 2] β 1 > − 3 4 γ − 2 3 β 1 < − 3 4 γ − 2 3 β 1 = − 3 4 γ − 2 3 W(κ, ν 2 ) γ ∈ ( 2 3 , 2) ∀ κ, ν, γ open FLRW γ = 2 3 ∀ flat FLRW γ ∈ [0, 2) γ ∈ [0, 2 3 ) γ ∈ ( 2 3 , 2) γ = 2 3 K(β 1 , β 2 ) γ ∈ [0, 2) else β 1 > 1 2 β 1 = −1 ∪ 1 2 JED(β 1 , β 2 , β 3 ) γ ∈ [0, 2) else β 1 > −1 + √ 3 β 2 2 + β 2 3 β 1 = −1 + √ 3 β 2 2 + β 2 3 JS(β 1 , β 2 , β 3 , Θ) γ = 2 else β 1 > −1 + √ 3 β 2 2 + β 2 3 β 1 = −1 + √ 3 β 2 2 + β 2 3 CS ( 2 3 , 2) ∀ γ
The invariant set B(VI 0 )
The closure of B(VI 0 ) is
With A = 0 it is evident from the equations that the timelike part of the j-form field will vanish asymptotically (except for q = 2). The spatial part of the form field, however, will, as we shall see, generally not die away for γ > 2/3. The key to analysing this 7-dimensional dynamical system, is the monotone function
Since the dynamical system is precisely that written down in our previous work, we may again use the results we obtained therein for h = 0. The only difference is that the future attractor is now W (ν 2 ) = lim κ→0 W (κ, ν 2 ) ⊂ B(VI h ). From the eigenvalues, Eq. (23), we find that κ = 0 still renders all eigenvalues negative, except if (i) (ν 2 , ν 3 ) → (0, 0), in which case there will be two extra zero eigenvalues, (ii) or if γ = 6/5, in which case there will also be one extra zero-eigenvalue. The monotone function Z 6 , however, comes to our rescue, and reveals that indeed W (ν 2 ) is the global future attractor in the set B(VII 0 ). To summarize, we reach the following global conclusions. JED (JS) is the global past attractor for γ < 2 (γ = 2). For γ ≤ 2/3 FLRW is the global future attractor. W (ν 2 ) is the global future attractor in the interval 2/3 < γ < 2, and the point Σ + = −1, where JED, JS and Wonderland meet is the the global future attrator for γ = 2. We refer the reader to our previous paper for further details. 
The Anisotropic attractors and the j-form fluid
As mentioned in [25] it is possible to write down an equation-of-state-paremter ξ for the form-fluid. In terms of the expansion-normalized variables it reads
In our case, V c = 0 throughout. Also note that we may use the observables (the shear and the deceleration parameter) to write down the line-element of the different equilibrium sets. This is done beginning from the equation
Here L denotes the Lie derivative, h is the spatial metric and Θ is the expansion tensor. Since our approach is orthonormal, we have h = δ ij ω i ⊗ω j , where {ω i } are basis 1-forms. Also, Θ = H(δ ij + Σ ij )ω i ⊗ ω j . Starting from a general, self-similar metric of Bianchi type VI h , one may obtain the metric. The procedure will be explained more thoroughly in Normann's Ph.D. thesis, due this month.
Wonderland
For Wonderland, where Θ 2 = κ 2 V 2 1 this parameter becomes
Hence the e.o.s.-parameter for Wonderland lies in the interval
The line-element that corresponds to this solution is
where Γ is actually a function (arguments suppressed for brevity of notation) such that Γ(ν 3 , γ) = 4κν 3 /( √ 3γ). Also, −1 ≤ f < 1. Since it is ν 2 = ν 2 2 + ν 2 3 that is the scalar, and not ν 2 and ν 3 themselves, one may wonder how they behave. As shown in [26] , however, the evolution of ν 2 and ν 3 is given by
Hence, since ν 1 = 0 in this case, one finds ν 2 = ν 3 = 0.
Plane Waves and JED/JS
A similar calculation for the Plane Waves solution, where Θ 2 = V 2 1 , shows that
The line-element of this solution may be shown to be ds 2 = −dt 2 + t 2 dx 2 + t −1+ 3 1−2β 1 e −kf x dy + ue −kx dz 2 + e −2kx dz 2 (39) where −1 < Σ + = β 1 < 0.
For the past attractors, JED and JS, one has V 1 = 0, and hence ξ J = 2. The lineelement of these solutions is ds 2 = −dt 2 +t 
We note that ξ = 1 (corresponding to dust) is in this interval. 
Conclusion
We have shown that Wonderland is a future attractor on all of its existence also in B(VI 0 ) and B(VI h ), where h < 0 ∩ h = −1 ∪ −1/9. Furthermore, a monotone function made it possible to show that in B(VI 0 ) W(ν 2 ) is the global attractor for all 2/3 < γ < 2, and that Σ + = −1 is the global attractor in the case γ = 2. For 0 ≤ γ ≤ 2/3, (and also the case Ω pf = 0 for all γ), has been covered by previous literature, as remarked through the theorems and propositions collected in Section 1.3. We also pointed out that the case h = −1 will be covered in upcoming literature, and that h = −1/9 is left for future work. It was also shown that in the absence of the j -form fluid, the Wonderland solution reduces to the Collins perfect fluid solution, which therefore also is a future attractor. Furthermore, the line-elements of the anisotropic attractors (Wonderland and Plane Waves) were written down explicitely. Finally, the equation-of-state-parameter of Wonderland was generally (independent of Bianchi type) found to lie in the interval 2/3 ≤ ξ W ≤ 4/3.
